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The humble triangle is fundamental in network science.

/\

The Strength of Weak Ties, Granovetter, 1973.
Collective dynamics of ‘small-world’ networks. Watts & Strogatz, 1998.
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The Structure of Positive Interpersonal Relations in Small Groups, 1967.
James Davis and Samuel Leinhardt analyzing triangles to test a sociological

theory of George Homans using data from Theodore Newcomb.




Network Nodes Edges Nieal Nyand=SD  Zscore
Gene regulation X Feed-
(transcription) \, forward
\\1{/ loop
Z
E. coli 424 519 |40 7+3 10
S. cerevisiae* 685 1,052 70 11+4 14
Table 1. Structure and function of the coherent FFL types, with AND- and OR- gates at the Z promoter
Coherent type 1 Coherent type 2 Coherent type 3 Coherent type 4
Species Structure Abundance Structure Abundance Structure Abundance Structure Abundance

E. coli X 28 X 2 Y 4 X 1
| 1 | 1
X X Y Y
l l L i
S. cerevisiae z 26 z 5 4 0 z 0
Z Logic— AND OR AND OR AND OR AND OR
Steady-state
Z(Sx,5y) ScA Sy Sx S¢Sy S S S¢S, Sx 5vS,
Response delay
Sx on step Delay — — Delay — — Delay Delay
Sx off step — Delay Delay — Delay Delay — —
Inverted out No No Yes Yes Yes Yes No No
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Network Motifs: Simple Building Blocks
of Complex Networks, Milo et al., 2002.

Structure and function of the feed-
forward loop network motif,
Mangan & Alon, 2003.

The Coherent Feedforward Loop
Serves as a Sign-sensitive Delay

Element in Transcription Networks,
Mangan, Zaslaver, & Alon, 2003.



Modern network data is rich...

* Higher-order / multi-way interactions

Temporal information

Features / covariates

Triangles are super useful for this rich data!

Multilayer, multiplex, heterogeneous, attributed

Large-scale with millions or billions of edges

TYPES OF Network Science Papers

We made another
centrality score

I

Hey, we ran a community
detection algorithm
Itisn't
PARTICULARLY USEFUL,
but it confirmed all
our priors!

Scale-free networks are
WRONG AND I CAN
FINALLY PROVE IT

"
1M

CHECK OUT THIS WEIRD
hairball ONE OF US made

using gephi

I

Physicists LE FIGURED OUT HOW
are AT IT AGAIN © MAKE ™IS info a
—— multilayer temporal
= hypergraph
THIS ErRGM I HAD TO DO HEY, AT LEAST WE
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Triadic analysis for modern network data. it Aaipobe

1. Open and closed triangles in temporal, higher-order interactions.
Simplicial closure and higher-order link prediction, PNAS, 2018.

2. Triadic motifs in temporal networks.

Motifs in temporal networks, WSDM 2017.
Sampling methods for counting temporal motifs, WSDM, 2019.



Real-world systems are composed of “higher-order”
interactions that we often reduce to pairwise ones.

Communications 9’
nodes are people/accounts i ‘

emails often have several
reciplents, not just one.

Physical proximity
nodes are people
people gather in groups

Commerce Cell biology

nodes are products e nodes are proteins
several proaucts can be protein complexes may
purchased at once involve several proteins

Frequently bought together

Total price: $55.96

This item: 6-Pack LED Dimmable Edison Light Bulbs 40W Equivalent Vintage Light Bulb, 2200K-2400K Wal
Edison Light Bulbs, DORESshop 40Watt Antique Vintage Style Light Bulbs, E26 Base 240LM Dimmable... $
Led Edison Bulb Dimmable, Brightown 6Pcs 60 Watt Equivalent E26 Base Vintage Led Filament Bulb 6W...



We collected many datasets of timestamped hyperedges

bit.ly/sc-holp-data

Coauthorship in different domains.
Emails with multiple recipients.
Tags on Q&A forums.

Threads on Q&A forums.
Contact/proximity measurements.
Musical artist collaboration.
Substance makeup and
classification codes applied to
drugs the FDA examines.

U.S. Congress committee
memberships and bill sponsorship.
Combinations of drugs seen in
patients in ER visits.

For a strongly regular graph, there are exactly 3 eigenvalues, all nonzero (I believe). One has
multiplicity 1, which means the other two have pretty high multiplicities. There are tables that give
these eigenvalues and multiplicities:

4
http://www.win.tue.nl/~aeb/graphs/srg/srgtab1-50.html
For example, the Schlaefli graph is order 277 but has an eigenvalue of order 20.
My question is, are there other known graphs (families, types, or just single graphs) that have large
multiplicities of eigenvalues? When I check a random graph in Sage, it seems the max multiplicity is
mostly 1.
< ilinear—algebra) (graph-theory) (eigenvalues-eigenvectors) (algebraic-graph-theo&i >
share cite edit asked Nov 8'
Seen this? Or this? {J. M. i ici t1
@J.M. Thapks, | will look at teee=km-netear® the second one applies. But, the first one seems to be a good
one. @ ‘ t21:2
2 Answers active oldest  votes
One class of examples are distance-regular graphs; strongly regular graphs are (essentially) distance-
regular graphs with diameter. Distance-regular graphs can be constructed from Hadamard matrices,
4 symmetric designs and linear codes.
If all eigenvalues of the adjacency matrix A of a graph are simple, then any matrix P that commutes
with A must be a polynomial in A. It follows from this that all automorphisms have order dividing
Vv two, and also that the graph either is the complete graph K, or cannot be vertex transitive So any
vertex-transitive on more than two vertices has an eigenvalue which is not simple.
+50

You can learn about these things in Biggs's * *Algebraic Graph Theory", for example.

share cite edit




Thinking of higher-order data as a weighted projected
graph with filled-in structures is a convenient viewpoint.

Data.

fq: {1,2,3,4}

t:{1,3,5} 9
ts: {1,6} \3/
ty: {2,6}

ts: {1,7,8} />5
ts: {3,9) - /
t7:{5,8} /8
lg: {1,2,6}

Projected graph W.
W;; = # of hyperedges containing nodes / and j.



Graph Evolution: Densification and
Shrinking Diameters

JURE LESKOVEC
Carnegie Mellon University
JON KLEINBERG

Cornell University

and

CHRISTOS FALOUTSOS
Carnegie Mellon University
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What's more common in empirical data?

Open triangle Closed triangle
each pair has been in a there is some hyperedge
hyperedge together but all 3 that contains all 3 nodes

nodes have never been in the
same hyperedge

11



There is lots of variation in the fraction of triangles that
are open, but datasets from the same domain are similar.

S 1.00 - X coauth-DBLP B tags-stack-overflow
8— ' ° ® O I'.Q ¢ X coauth-MAG-geology B tags-math-sx
0 0.75 * X coauth-MAG-history B tags-ask-ubuntu
— . ‘ .
Q < & % congress-bills B email-Eu
© .
= 0.50 - N % congress-committees s email-Enron
‘C v i @ threads-stack-overflow < NDC-substances
_S 0.25 < @ threads-math-sx < NDC-classes
+—J x)(
E 0.00 - X. e ® threads-a.sk-ubuntu
. 10-5 10-4 10-3 10-2 10-1 ‘ contact-high-school ® DAWN
Edge density in projected graph ¢ contact-primary-school W music-rap-genius

See also Topological analysis of data by Patania, Vaccarino, & Petri, 2017.



Dataset domain separation also occurs at the local level.

Decision boundary
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coauth-DBLP
coauth-MAG-Geology
coauth-MAG-History
tags-stack-overflow
tags-math-sx
tags-ask-ubuntu
threads-stack-overflow
threads-math-sx
threads-ask-ubuntu
email-Eu

email-Enron
contact-high-school
contact-primary-school

 Randomly sample 100 egonets per dataset and measure
log of average degree and fraction of open triangles.
» Logistic regression model to predict domain
(coauthorship, tags, threads, email, contact).
« /5% model accuracy vs. 21% with random guessing. 13



Triangles close over time.

2

:{1,2,3,4}
:{1,3,5}
:{1,6}
:{2,6}
:{1,7,8}
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Weak and strong ties are useful characterizations.

Substances in marketed drugs recorded in the National Drug Code directory.

HIV protease
Lok Kalet Kaletra
inhibitors Reyataz Reyataz Pﬁyiiz?ans Promacta Promacta DOH Central Evotaz
RedPharm |~ / Squibb & Sons ﬁ></ Total Care ﬁ.></ \ o GSK (25mg) / \ o GSK (50mg) ></ \ _» Pharmacy / \X Squlbb & Sons
2003 2003 . 2006 ! 2008 2008 2009 2015
UGT1A1 Breast cancer 1 _2

inhibitors resistance protein inhibitors

Bin weighted edges into “weak” and “strong ties” in the projected graph W.
W;; = # of simplices containing nodes / and j.

* Weakties. W; =1 (one hyperedge contains/and )
* Strong ties. W;; > 2 (at least hyperedges contain / and j)

/\
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Closure depends on structure in projected graph.

* First 80% of the data (in time) — record configurations of triplets not in closed triangle.
» Remainder of data — find fraction that are now closed triangles.

Closure probability Closure probability Closure probability
10-2—% Lo-2 ] 1072 X
1073 -
3 1073 1072
~Ae 107 ~/\ AN
1075 5 T 10—4—é 1 10-
107° 4 10-5 107
107 1075 10~ 107 10~ 10 107 107 107 10 10 10 1072
~Ae ~Av AN
1 . 2t .
Increased edge density Increased tie strength Tension between edge
increases closure probability. increases closure probability. density and tie strength.
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We used this for a new higher-order link prediction task.

Data.

t1:{1,2,3,4}

t;:{1,3,5} * Observe simplices up to time t.
ts: {1,6} * Predict which groups of > 2

ty: {2,6} nodes will appear after time t.
ts:{1,7,8}

lg : {3,9} ;

t;: {5,8 We predict structure that graph
| models would not even consider!

time

17



Table 2: Open triangle closure prediction performance based on several score functions: random (Rand.); harmonic, geometric,
and arithmetic means of the 3 edge weights (Egs. (19) to (21)); 3-way common neighbors (Common, Eq. (22)); 3-way Jaccard
coefficient (Jaccard, Eq. (23)); 3-way Adamic-Adar (A-A, Eq. (24)); projected graph degree and simplicial degree preferential at-
tachment (PGD-PA, Eq. (25) and SD-PA, Eq. (25)); unweighted and weighted Katz similarity (Katz, Eq. (29) and W-Katz, Eq. (30));
unweighted and weighted personalized PageRank (U-PPR, Eq. (34) and W-PPR, Eq. (35)); simplicial personalized PageRank
(S-PPR, Eq. (42); the two missing entries are cases where computations did not finish within 2 weeks); and a feature-based su-
pervised method logistic regression (Log. reg.). Performance is AUC-PR relative to the random baseline. The random baseline

is listed in absolute terms and equals the fraction of open triangles that close.

Dataset Rand. Harm. mean Geom. mean Arith. mean Common Jaccard A-A PGD-PA SD-PA U-Katz W-Katz U-PPR W-PPR S-PPR Log. reg.
coauth-DBLP 1.68e-03 1.49 193 1.50 1.33 184 160 074 074 097 151 162 183 121 3.37
coauth-MAG-History  7.16e-04 1.69 2.72 3.20 5:11 224 582 150 249 630 340 166 188 135 6.75
coauth-MAG-Gaalass g g 8 g 094 4.74
music-rap-geni 139 2.67
tags-stack-over > e - 3.37
tags-math-sx SCO rep (I’j’ k) 1.86 13.99
tags-ask-ubun 1.19 7.48
threads-stack- - (Wp + Wp + Wp )1/ P = 153
threads-math-s d J K Ik 18 0.61 47.18
threads-ask-ub bl 1.78  9.82
NDC-substance .1/¢-U .3 = . z z 9 ;2 3.2 : g ) .8 1.86 8.17
NDC-classes 6.72e-03 4.43 3.38 1.82 1.27 1.19 099 094 214 092 134 078 091 245 0.62
DAWN 8.47e-03 4.43 3.86 2.13 4.73 376 477 376 145 461 204 157 137 155 286
congress-committees  6.99e-04 3.9 3.28 2.48 4.83 249 504 106 131 321 259 150 389 213 7.67
congress-bills 1.71e-04 0.93 0.90 0.88 0.65 1.23 066 060 055 060 078 316 1.07 6.01 107.19
email-Enron 1.40e-02 1.78 1.62 133 0.85 083 087 127 083 099 128 3.69 316 2.02 0.72
email-Eu 5.34e-03 1.98 2.15 1.78 1.28 269 137 088 155 101 179 159 175 126 347
contact-high-school 2.47e-03 3.86 4.16 2.54 1.92 361 200 096 113 172 253 139 241 0.78 2.86
contact-primary-school 2.59e-03 5.63 6.40 3.96 2.98 295 321 092 094 163 402 141 431 093 691

18



Finding the top-k weighted triangles in large [
graphs required new algorithms. w/ R Kumar,P Liv, M Chariar

Retrieving Top Weighted Triangles in Graphs, WSDM, 2020.

scorey(/, J, k)
Finding top 1000 triangles

] W

dataset # nodes # edges time (existing) time (ours)
reddit-reply 8.4M 435M 1.1 hours 5 seconds
spotify 3.6M 1.9B > 24 hours 31 seconds

19



Triadic analysis for modern network data. W/ A Paanape Lesove,

P Liu,M Charikar

1. Open and closed triangles in temporal, higher-order interactions.
Simplicial closure and higher-order link prediction, PNAS, 2018.

2. Triadic motifs in temporal networks.

Motifs in temporal networks, WSDM 2017.
Sampling methods for counting temporal motifs, WSDM, 2019.

20



Temporal network data is extremely common.

|=I stackoverflow 'i

Private communication Public communication
e-mail, phone calls, text messages, Q&A forums, Facebook walls,
instant messages Wikipedia edits

Payment systems Technical infrastructure
credit card transactions, packets over the Internet, messages
cryptocurrencies, Venmo over supercomputer

21



We developed a model for temporal motifs.

Motifs in Temporal Networks, WSDM, 2017.

source destination timestamp
14s

Q

15s

17s

253

288

30s

31s

323

QOO |00 DO
OO | OO0 (0|00 |9

358

Temporal network motif
% /’ 1. Directed multigraph
1 3 N with k edges
%/ 2. Edge ordering
3. Maximum time span &
6 =10s

@ /@ Motif instance
32s

25s 2gs K temporal edges that match the
%/ pattern that all occur within & time

Wrong order!
(c,a) before (3, ¢)

See also Temporal Network Motifs: Models, Limitations, Evaluation, Liu, Guarrasi, & Sariyuce, 2021. )i



We also developed fast counting algorithms.
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. » ‘\ /. . /; .K 23/. .T _,/. .;_3? !ttakes ~2.5 hours to couptall

1,3 2 ; | instances of these motifs in a
M, M?)?‘v M?»s\i/ M34\0K M35\0K My 2B edge phone call network

% A% 2% 28 /; 0; —? S (single threaded).
M4,11 3\./2 Mi\‘VQ M431\./2 3 M44\i/ M45\./ M4,61\./2
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Cyclic triangles are much more frequent in payment
networks than in social networks.

Bitcoin I Cyclic triangles
Phonecall-Eu

: : : | 2 3
CollegeMsg - .rl ? Y _27
FBWall SR N Y § Mys @

| | ] |
0.0 0.2 04 06 08 1.0
Fraction cyclic triangles

24



Sampling algorithms let us go even faster for
large datasets and more complicated motifs.

@ {1 @ running time (seconds)

dataset # temporal edges exact sampling par. sampling
EquinixChicago 345M 4812 4550 5.666 1.3%
(v) n (2) RedditComments 636M X 6739 2262 -

6 =1 day, 16 threads

25



Triadic data analysis in temporal
and higher-order networks

THANKS! Austin Benson
http://cs.cornell.edu/~arb
¥ @austinbenson

M arb@cs.cornell.edu

Santa Fe,NM

Lots of data available at https://www.cs.cornell.edu/~arb/data/

Cornell University

Supported by ARO MURI, ARO Award W911NF19-1-0057,NSF Award DMS-1830274,and JP Morgan Chase & Co. 16



